Abstract: We present a method to find anomaly-free gauged Froggatt-Nielsen type models using results from algebraic geometry. These methods should be of general interest for model building beyond the Standard Model (SM) when rational charges are required. We consider models with a gauged U (1) flavor symmetry with one flavon and two Higgs doublets and three right-handed SM singlets to provide three model examples based on different physical assumptions. The models we study are: anomaly-free with no SM neutral heavy chiral fermions, anomaly-free with SM neutral heavy chiral fermions, and supersymmetric with SM neutral heavy chiral fermions where the anomalies cancel via the Green-Schwarz mechanism. With these different models we show how algebraic methods may be used in model building; both to reduce the charge constraints by calculation of Gröbner bases, and to find rational solutions to cubic equations using Mordell-Weil generators.
Introduction
The mass spectrum of fermions spans at least eleven orders of magnitude (from the top quark to the neutrinos) and if all these masses are to be generated by the Higgs mechanism, the couplings to the Higgs field must span an equal range. However, neutrino masses are often assumed to be generated from a seesaw mechanism [1] [2] [3] [4] [5] , or more generally, a Weinberg operator [6] . If we adopt this explanation, the masses of the charged fermions masses still span six orders of magnitude. A famous explanation for this is the Froggatt-Nielsen (FN) mechanism [7] . This provides an appealing explanation in terms of suppression factors ( S /Λ F N ) n , where Λ F N is the scale of integrated out physics, S the vacuum expectation value of the "flavon" which breaks a new U (1) gauge 1 symmetry and n depends on the charges of the fields under this new symmetry. A similar idea was also developed independently by Bijnens and Wetterich in [8] but with heavy scalar fields instead of the heavy fermions used in [7] . Throughout the paper we will use the term FN-mechanism independent of the origin of the suppression factors. In addition to the FN-mechanism, we will consider a two Higgs doublet model (2HDM), see [9] and the review [10] , where both Higgs fields are in general charged under the new U (1) group.
The main objective of this paper is to show how algebraic and Diophantine geometry provides powerful tools for finding rational flavon charges of the fermions and Higgs fields under this new U (1) symmetry. The Standard Model gauge group is thus extended to SU (3) C ×SU (2) L ×U (1) Y ×U (1) where U (1) denotes the new flavor dependent symmetry. Since the U (1) symmetry is local the flavon charges have to cancel the triangle anomalies [11] [12] [13] [14] [15] of this gauge group, in addition to providing phenomenologically viable suppression factors for the fermion masses and reproducing the mixing matrices for the fermions. On top of this, we also want the flavon charges to be rational. Demanding rational charges is a significant challenge, since this then becomes related to Hilbert's 10th problem [16] which is known to have no general solution [17] . We proceed in this manner with a simple motivation. Since the two U (1) gauge groups we know exist: U (1) Y and U (1) EM , have rationally quantized charges, it is natural to assume that any new U (1) should behave similarly.
One of the best motivations for a 2HDM as an extension of the SM is its occurrence in supersymmetry (SUSY). However, vanishing anomalies and the Froggatt-Nielsen mechanism is contradictory in the SUSY setting [18, 19] . Therefore we instead invoke the Green-Schwarz mechanism [20] , which is a strong theoretic completion, to deal with anomaly cancellation in the case of SUSY.
We have constructed a series of model examples to show how the algebraic methods may be used. These models have different mechanisms for anomaly cancellation and different phenomenological constraints imposed (we always demand recreation of the charged fermion masses and the CKM matrix):
• (Sections 3 and 5) Here we study a 2HDM with three right-handed SM-neutral fermions where all anomalies vanish and neutrino masses are generated via the Weinberg operator.
• (Section 6) 2HDM particle content with three right-handed neutrinos where all anomaly coefficients vanish by the stated particle content, except the U (1) − U (1) − U (1) and graviton-graviton-U (1) anomalies, which are assumed to vanish by SM-neutral fermion content. The neutrino masses are generated by a type-I seesaw mechanism.
• (Section 7) Minimal supersymmetry with three right-handed neutrinos where the anomalies cancel via the Green-Schwarz mechanism and the neutrino masses are again generated by a type-I seesaw mechanism.
The paper is organized as follows. In Section 2 we review the Froggatt-Nielsen mechanism and derive the constraints from anomaly cancellation and flavor phenomenology. Next, in Section 3 we introduce the first model example and show how algebraic geometry naturally enters. Some aspects of algebraic geometry is discussed in Section 4 and the model example is then continued in Section 5. The two other model examples are given in Section 6 and 7. Finally Section 8 concludes the paper.
Gauged Froggatt-Nielsen Mechanism in 2HDMs
Let the SM gauge group be extended with a flavor dependent U (1) symmetry denoted U (1) . We assume that all fermions and both Higgs fields are charged under this new symmetry and call this charge flavon charge. Moreover, we assume that this symmetry is spontaneously broken when a complex scalar S, the flavon, with flavon charge −1, gets a vacuum expectation value (VEV). Just above the energy scale S , it is assumed that there exists many heavy vector-like fermion singlets, called FN-fermions, with mass ∼ Λ F N . At energies above S the observed fermions are effectively massless and the Yukawa couplings we observe in experiments are determined by physics at this scale where the heavy FNfermions get their mass via a Higgs mechanism with a neutral scalar Φ . The different flavor properties of the fermions at the electroweak scale is encoded in different powers of the symmetry breaking parameter = S /Λ F N ≈ 0.2, which, following Froggatt and Nielsen [7] , is chosen to fit the Wolfenstein parameterization [21] of the CKM matrix. The powers of is then given by the number of flavon insertions needed for U (1) invariance.
Assuming a 2HDM, the left-handed fermion fields we have are:
c } where i = 1, 2, 3 is the flavor index and (·) c denotes charge conjugation. In addition we also have the two Higgs fields {Φ 1 , Φ 2 }. We denote the flavon charges of these fields by Q i , u i , d i , L i , e i and H 1,2 respectively. Let us already here note that we will discuss physics at two different scales; the electroweak scale and the large Λ F N scale. In general these scales could be many orders of magnitude apart and one should therefore compare the physics at these scales using renormalization group evolution. This is, however, beyond the scope of the current paper. In any case, we do not expect large effects from this since the number of flavon insertions depends logarithmically on the masses.
The Yukawa Lagrangian in a general 2HDM is given by
where Φ = iσ 2 Φ * . As this Lagrangian stands, it is difficult to implement the FroggattNielsen mechanism since we do not know a priori which of the Higgs fields provides the dominating mass contribution to each fermion. To circumvent this, and to remove flavor changing neutral currents (FCNCs) at tree-level, we impose a Z 2 -symmetry [22] . As is well known, there are four different "Types" of Z 2 -symmetry as given in Table 1 with the corresponding Z 2 charges. 2 When the physics at the Λ F N scale is integrated out, the Yukawa couplings at the 2 In the models with right handed neutrinos NR, we assume that they have the same charges as UR. In principle there are four more types for these models; the ones where NR has the opposite charge. 
electroweak scale may be expressed as:
where the (g F a ) ij couplings are assumed to be ∼ O(1) as in [7] , with F = U, D, L and a = 1, 2. The moduli in the exponents reflect the fact that we may choose either S or S * to balance the flavon charges of the operators.
From the above structure of the Yukawa matrices, one must extract the masses and mixings. This is as usual done via bi-unitary transformations. Let us begin with the quark sector, the Yukawa matrices are given by
|n ij | where we have suppressed the Higgs index. These matrices may be written as
where D F , F = U, D are diagonal matrices. The philosophy of the FN-mechanism is that the magnitudes of the masses and mixings should solely depend on the -parameters and thus one can take all the pre-factors g to be of order one. For this to work one assumes that the flavon charges are ordered 3 such that
Under these assumptions we have to leading order [7] :
where we have also assumed that to each Yukawa matrix there is only one Higgs field providing the dominating mass contribution. To leading order in we can now write the CKM-matrix as
where we note that the mixing is to leading order determined by the flavon charges of the doublets.
A completely analogous calculation may be performed in the lepton sector once the mass matrix for the neutrinos is specified yielding then also the mixing matrix for neutrinos, the so called PMNS-matrix.
Neutrino masses
In this paper we consider two ways of generating neutrino masses: directly via the Weinberg operator allowed by the FN-mechanism or via a type-I seesaw mechanism. Of course, when the right-handed fields in a type-I seesaw model are integrated out one obtains a Weinberg operator, but we still have to distinguish between these two cases. To complete the symmetries between quarks and leptons, the neutrinos should have right-handed chiral partners. If the neutrino masses are generated by a Weinberg operator created solely by the FN-mechanism, then the right-handed fields have nothing to do with the mass generation so they only contribute to anomaly cancellation. Imposing a type-I seesaw is more restrictive; not only must the Yukawa couplings now be made gauge invariant, but the right-handed neutrinos must also effectively have Majorana masses. We will describe this in detail below.
Let us start with the case when the Weinberg operator is generated directly from the FN-mechanism. To the Lagrangian in Eq. (2.1) we must then add terms of the form
where a, b ∈ {1, 2}. Imposing a Z 2 symmetry restricts this term to a = b, but both Higgs fields may still contribute.
To generate this operator via the FN-mechanism the flavon charge in each of the two parenthesis must be an integer 4 so that the middle transition in the generating diagram, labeled χ in Fig. 1 , is made by an uncharged Majorana fermion. The couplings at the electroweak scale may now be expressed as
where a = 1, 2 (i.e. we assume a Z 2 -symmetry), both the moduli have to be integers and (κ ν aa ) ij ∼ O(1) in the FN-spirit. We assume here that the Majorana fermion χ is one of the FN fermions so that it also has a mass ∼ Λ F N . For this operator to not only account for the hierarchies but also the overall smallness of the neutrino masses, Λ F N has to be of the order 10 14 GeV. Otherwise the L i and H a charges have to be increased accordingly.
The flavon VEV, S , must be of the same order as Λ F N and thus the mass of the Z boson associated with U (1) must also be very large (if it is not extremely weakly coupled). This is readily seen from the relation Figure 1 : A diagram generating the ij-element of the Weinberg operator, χ is a Majorana fermion with mass ∼ Λ F N . Here the four-component spinor Feynman rules from ref. [24] are used.
where g Z is the gauge coupling of the Z . For this type of model, Z phenomenology is therefore not interesting, either the Z boson is so massive that its effects are unobservable, or if its mass scale is reachable by todays experiments, it has to be so weakly coupled that its effects would still be unobservable.
If we instead want to use a type-I seesaw mechanism to generate the neutrino masses, we have to introduce the three SU (2) L singlet fields N i R , i = 1, 2, 3, where we denote the flavon charge of the left-handed field (N i R ) c by ν i . To the Lagrangian in Eq. (2.1) we must then add the terms
and if a Z 2 -symmetry is imposed it will only be one of the Yukawa terms that generates Dirac masses. The FN-mechanism for the Yukawa terms works the same way as for the terms in Eq. (2.2), so we have
with (g N a ) ij ∼ O(1). The Majorana masses for the right-handed fields may also be generated by the FN-mechanism:
where (g R ) ij ∼ O(1) and both |ν i | and |ν j | have to be integers so that a diagram similar to 
Since M R ∼ Λ F N , we have m ν ∼ v 2 /Λ F N , so that, just as in the case with the Weinberg operator, Λ F N must be of order 10 14 GeV to account for the smallness of the neutrino masses (unless |ν i | + |ν j | ∼ 20).
Anomaly cancellation
An important aspect of a gauged Froggatt-Nielsen mechanism is that the flavon charges not only have to fit with the phenomenological constraints, but also have to satisfy anomaly constraints. For the gauge group
together with gravity, there are six triangle diagrams whose contributions do not cancel trivially. In the following, let
where T X are the generators of the gauge group X in the fundamental representation. For hypercharge we adopt the normalization that Y = 2(Q − T 3 ). The six anomaly constraints involving the U (1) -charges are then given by
where A gg1 is from the triangle diagram with two gravitons and one U (1) boson. Note that the gravitational anomaly may be written as A gg1 = 6A 331 + 3 j=1 (2L j + e j + ν j ) so when implemented later we only need to care about the leptonic part.
Sum rules for FN-constraints
In this section we will derive a set of sum rules that show how the Froggatt-Nielsen constraints for each imposed Z 2 -symmetry are related to the anomaly constraints. If these rules are not satisfied, there will not exist an anomaly-free charge assignment satisfying the imposed FN-constraints. This generalizes some of the results in [18, 19] where SUSY was considered to more general 2HDMs. In addition, we show that these rules implies that the type-II symmetry is favored by the FN-mechanism since the other symmetries will lead to skewed Yukawa matrices with large off-diagonal elements. This is problematic since in the FN-mechanism, it is assumed that the diagonal elements in the Yukawa matrices directly gives the masses and large off-diagonal elements will spoil the diagonalization such that this is no longer the case.
Let us start with a type-II symmetry and denote by {n u , n c , n t , n d , n s , n b , n e , n µ , n τ } the signed number of -factors suppressing the masses, e.g. the up quark mass is suppressed by |nu| . With a type-II symmetry, we know that n u = Q 1 + u 1 + H 2 and so on. Now, using the two sets of fermions that couple to the same Higgs field, which in this case are the down-type quarks and e, µ, τ -leptons, we obtain the following sum rule:
Similarly in the type-Y (flipped) case, using the fermions that couple to the same Higgs field, i.e. the up-type quarks and e, µ, τ -leptons, we obtain the following rule:
With type-X (lepton specific) symmetry it is the two sets of quarks that couple to the same Higgs field, this yields the rule:
Finally, for type-I (SM-like) symmetry, all three rules: Eqs. (2.14-2.16), have to be satisfied. Two of the constraints above imply the third, so in practice, the SM-like 2HDM only gets two constraints from the sum rules and not three. The sum rules that do not have to be satisfied for a given Z 2 symmetry still affect the flavon charges since they specify the charges of the Higgs fields. For example, given a type-II model, Eq. (2.16) gives
and the same consstraint is of course obtained from Eq. (2.15). This means that H 2 − H 1 is specified by the suppression factors.
As promised above, we will now argue that these sum rules implies that type-II symmetry is favored by the FN-mechanism. The reason is simple, it is all due to the minus signs on the left hand side in Eq. (2.14) between the down-quarks and the e, µ, τ -leptons. These minus signs allow for n d , n s , n b , n e , n µ , n τ > 0 and still satisfying the sum rule, while for the other rules, at least one of the n's has to be smaller than zero. When this happens, the Yukawa matrix will be skewed with large off-diagonal elements breaking the -ordering assumed when diagonalizing the mass-matrices. That is, the fermion masses will no longer correspond to the diagonal elements. In other words, the idea behind the FN-mechanism does not apply and we therefore consider these situations disfavored. In what follows, we will therefore always assume a type-II symmetry when we impose the FN-constraints. For simplicity we will also assume that tan β = 1. Other values of tan β can easily be incorporated by reducing n d , n s , n b , n e , n µ , n τ accordingly.
Adding neutrino Yukawa couplings provide additional sum rules, but the conclusion above is unaffected by this.
Anomaly-free Model example
We now consider a type-II 2HDM with tan β = 1 and neutrino masses generated via the Weinberg operator. As already mentioned, we assume three right-handed SM-neutral fermions in addition to the normal 2HDM particle content and they are assumed to have flavon charges ν i . The FN-constraints we impose are: for the Yukawa matrices and
for the Weinberg operator generated with the Φ 1 -field 5 where * denotes an element we do not determine a priori. The -suppression of the masses may be read off from the diagonal and the off-diagonal elements of the quark Yukawa matrices guarantees a CKM-matrix on the form
while the off-diagonal elements in the lepton Yukawa matrix and the Weinberg operator guarantees large ν µ − ν τ mixing (assuming normal neutrino mass hierarchy). When writing down the constraints for Y D 1 and Y L 1 we have made sure that the sum rule for type-II models, Eq. (2.14), is satisfied.
Even though it is not necessary for this model, since we have either an extremely massive or weakly coupled Z , we may remove mixing between U (1) Y and U (1) in the massless limit by adding
to the list of constraints. This is just the trace of the hyper charge and flavon charge generators.
All the phenomenological constraints: Eqs. (3.1), (3.2) and (3.4), and the anomaly conditions, Eq. (2.13), are summarized in the following system of polynomial equations:
To find flavon charges that satisfies this system we will proceed by using Gröbner bases and methods from Diophantine geometry.
Algebraic geometry
In this section we discuss some general aspects of algebraic geometry and give some results useful for finding rational charges. A more detailed, but still short description may be found in [25] .
The first tool we want to mention is the key notion of computational algebraic geometry, that of Gröbner bases. The Gröbner basis of a system of equations may be thought of as the most reduced version of the system, similar to putting a linear system of equations on echelon form. As for a linear system on echelon form, a Gröbner basis in the lexicographic ordering has the property that once the last equation is solved, all other equations may be solved by back-substitution. Another useful property is that a system has no solution if and only if 1 is in the Gröbner basis.
As for calculating the Gröbner basis in practice, the exact method is in general of no interest for such applied problems we study here, so one can without worry use it as a black-box command in e.g. Sage [26] or Macaulay 2 [27] (it is also implemented in some general purpose programs such as Maple [28] and Mathematica [29] ).
The set of solutions to a system of polynomials is called a variety. If the variety is zero-dimensional, i.e. consists of points, then the cubic and quadratic equations from the anomaly conditions make it unlikely that these points would be rational. To find rational points, it is therefore best to implement so many constraints that the variety becomes onedimensional, i.e. a curve. There is a rich literature on finding rational points on algebraic curves, from which we will discuss a few of the results below.
Let C be a curve with rational coefficients defined by P (x, y) = 0, we call this an affine curve and we denote the set of rational points C(Q) where Q denotes the rational numbers. The corresponding projective curve is defined by Z degP P (X/Z, Y /Z) and we assume without loss of generality (see [30] Section 7.5 Theorem 3) that it is smooth. Smooth curves satisfy the following trichotomy classified by the genus g:
Here we have two choices: either C(Q) = ∅ or C(Q) is non-empty which means that C is isomorphic over Q to the projective line P 1 . Any such isomorphism defines a parameterization of C(Q) in terms of rational functions in one variable, which is easily computable. For example, all rational points on the unit circle x 2 + y 2 = 1 are given by
for t ∈ P 1 (Q) = Q ∪ {∞}.
• g = 1:
For this case we have the following theorem:
For any Abelian variety the set of K-rational points form a finitely generated group.
Proof. For the original proof for elliptic curves by Mordell, see [31] , and for the generalization to Abelian varieties by Weil, see [32] .
For K = Q this means that the only genus 1 curves with rational points are the elliptic curves.
• g ≥ 2:
For these higher genus curves, Mordell [31] conjectured and Falting [33] later proved that the set of K-rational points is finite.
For genus 0 curves, the rational parameterization (if it exists) is easily obtained, there are also well-developed methods to find integer solutions, see refs. [34, 35] , for these curves. Since we know by the Mordell-Weil theorem that the set of rational points on an elliptic curve form a finitely generated Abelian group, denoted E(Q), the structure theorem tells us that
where E(Q) tors is the finite subgroup of E(Q) consisting of all elements of finite order, r is the rank of E(Q) and Z denotes the integers. There is no known algorithm to determine the rank r or to find the Mordell-Weil generators P 1 , . . . , P r in general. But for specific examples it might be possible, as we will see in the next section. For curves of genus at least 2 it is harder to find rational points. However, point search might turn out to be more successful than for elliptic curves since the rational points are expected to have smaller height [36] .
Anomaly-free Model Example, continued
Using the Sage program we find that the Gröbner basis for the system in Eq. To find a complete set of rational charges, we have to solve the equations for the ν i 's. To do this, we begin to study the cubic equation in Eq. (5.2), which may be mapped to the following curve on Weierstrass form:
where ν 2 → x and ν 3 → y. This is an elliptic curve, i.e. a curve of genus one, so the Mordell-Weil theorem, Theorem 1, tells us that the rational points form a finitely generated (possibly empty) Abelian group. By doing two-descent in Sage, it is found that this curve has rank 1 which means that the set of rational points is given by
Explicitly we find Eq. (5.6) Higgs charges:
The last charge is now simply determined by
To summarize the results in this section, the complete set of flavon charges for this model is shown in Table 2 and the Yukawa matrices and mixings they produce are: 
As can be seen from the resulting matrices, all elements which were left undetermined turn out to be zero due to U (1) invariance. This also means that in the resulting PMNS-matrix, there is no neutrino oscillation with the first generation. Apart from that, these matrices reproduce all observed flavor phenomenology.
Models Requiring New Chiral Fermions
Assuming that the A 1 1 1 and A gg1 anomalies vanish is equivalent to assuming that there either are no unknown SM-neutral fermions, or that the unknown SM-neutral fermions cancel the anomalies independently. However, since we in reality know nothing about SM-neutral fermions, it is reasonable to claim that A 1 1 1 and A gg1 can not be used to constrain the flavon charges [37] . For the theory to still be anomaly-free, we assume that the SM-neutral sector is such that these two anomalies vanish. We again assume the SM fermion content with a type-II 2HDM and in addition three right-handed neutrinos N R . The additional freedom from not imposing the A 1 1 1 and A gg1 anomalies, makes it possible to use a type-I seesaw mechanism to generate the neutrino masses where we assume that N R only couples to Φ 2 in Eq. (2.9). For the quarks and leptons we impose the same Yukawa matrices as in the anomaly-free model: and for the neutrinos we impose
All this is summarized in the constraints below where we have again imposed vanishing mixing between U (1) and U (1) Y (Eq. (3.4) )
which has the Gröbner basis where we see that all charges are directly determined. Again, note that H 2 −H 1 = 26/3 / ∈ Z so the imposed type-II Z 2 -symmetry is a residual from U (1) invariance. In addition, the elements that have been left unconstrained in Eqs. (6.1) and (6.2) turn out to be zero.
Using the seesaw mechanism, the light neutrino mass matrix becomes
which yields one massless neutrino and large ν µ − ν τ mixing assuming normal hierarchy.
Supersymmetric Model Example
Using the Froggatt-Nielsen mechanism together with supersymmetry is not a straightforward extension of what has been done above, in particular, we start by recalling that supersymmetry and anomaly cancellation is contradictory within the Froggatt-Nielsen framework [18, 19] .
To see this, we start with the superpotential from minimal supersymmetric SM [38] with right-handed neutrinos:
where all fields are now superfields and there is no "+H.c." as in the SM since supersymmetry invariance demands W to be holomorphic in each of the fields. That is, for a superfield Ψ, W is either a function of Ψ or Ψ † , not both. This is important in the context of the Froggatt-Nielsen mechanism. In the previous cases we always had the choice of inserting S or S * to balance the flavon charges, whilst now we may only use one of them. We choose to work with S with flavon charge -1 following ref. [39] . The flavon charges of the left-handed superfields
Using the Froggatt-Nielsen mechanism the Yukawa matrices become
Note that, this means that in the supersymmetric case, the definitions of the suppression factors n u etc. are slightly different compared to earlier and now instead given by Eq. (7.2).
Imposing supersymmetry also affects the triangle anomalies since there will now be Higgsino and flavino fields contributing. The anomaly coefficients are now
where S = −1 is the charge of the flavon superfield (assumed to be left-handed).
We impose the following -structure for the couplings in the superpotential 
where it should be noted that, for reasons that will become clear below, the suppression factors for the c and b quark Yukawa couplings has been changed compared to earlier. In addition, we find that it is now also possible to completely determine the Yukawa matrices for the leptons such that they also give a PMNS-matrix with three-generation mixing. Using the suppression factors n u etc., as defined by Eq. (7.2), together with the anomaly conditions gives the following two supersymmetric versions of the sum rules:
and
If the anomalies vanish, Eq. (7.5) together with Eq. (7.4) implies that
On the other hand, vanishing anomalies together with Eqs. (7.6) and (7.4) implies that
This means that the FroggattNielsen mechanism, vanishing anomalies and supersymmetry may not be joined together.
To circumvent this, we may assume that the anomaly coefficients are non-zero but that there exists a string theoretic UV completion of the theory where the anomalies cancel via the Green-Schwarz mechanism [20] . For this to work we need to balance the anomaly coefficients and the so-called Kac-Moody levels k G (where G labels the gauge group) below the compactification scale according to
Since the A 11 1 anomaly can not be canceled by the Green-Schwarz mechanism we have to impose A 11 1 = 0. To obtain useful constraints out of Eq. (7.7) we make the standard assumption of coupling unification at the compactification scale ( [39] [40] [41] [42] ), which with our normalization of hypercharge means that k 2 = k 3 and k 1 /k 2 = 20/3. Moreover, we assume that there are SM-neutral contributions to A 1 1 1 and A gg1 so that Eq. (7.7) is satisfied. The constraints on the flavon charges using the Green-Schwarz mechanism are thus This directly implies that In turn, this means that the µ-term in the superpotential has to vanish. We note in the passing that this means that the so called µ-problem may then be solved by the Giudice-Masiero mechanism [43] .
All the constraints are summarized in the following system of equations:
3 j=1 (Q j + 8u j + 2d j + 3L j + 6e j ) + 2(H u + H d ) = 0
ν 1 = 1, ν 2 = 0, ν 3 = 0 (7.9) where we no longer have the freedom to remove the U (1) Y − U (1) mixing in the massless limit. This system has a Gröbner basis defining a variety of just one point, which is given in Table 3 .
Using a type-I seesaw mechanism, the light physical neutrino masses and mixings become: This model reproduces all the fermion masses and mixings, including neutrino oscillations in three generations.
Summary and Conclusions
Understanding the flavor structure in the Standard Model is one of the big open questions in modern particle physics. An attractive way to explain this structure is the FroggattNielsen mechanism. The new U (1) charges, flavon charge, in this mechanism must satisfy both anomaly and phenomenological constraints. To find rational charges satisfying these, we have in this paper introduced methods from algebraic geometry. Especially useful is the Gröbner basis which sees and eliminates all relations among the constraints so that the system is put on its most simple and reduced form. Moreover, we discussed in detail how to deal with the case when the Gröbner basis still contains a cubic constraint and show how to find rational charges using Mordell-Weil generators.
We have also found that the Froggatt-Nielsen constraints for the suppression of the masses are related to linear combinations of the anomaly constraints which we summarize in a set of sum rules. From these rules we conclude that the type-II (MSSM like) 2HDM is the natural setup to avoid skewed Yukawa matrices. This especially means that the type-I model, and in extension, the Standard Model, is disfavoured in this setting. At the same time, 2HDM where the doublets have different charge under a U (1) symmetry may possess an axionà la Weinberg and Wilczek [44, 45] , however, we postpone this to a later paper [46] .
To conclude, using methods from algebraic geometry to study anomaly-free (vanishing anomalies or Green-Schwarz cancellation) has proven to be very useful and should be of general interest in model building.
